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Abstract We have developed a method for analyzing the
(hyper)polarizabilities of open-shell molecular systems.
This method employs the (hyper)polarizability densities
based on the natural orbitals and occupation numbers,
which enables us to analyze the contributions of odd
electrons having various open-shell (diradical) characters.
Within broken-symmetry, i.e., spin-unrestricted, single-
determinant molecular orbital and density functional theory
approaches, we can also remove the spin contamination
effects on these quantities through spin projection. To do
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that, an approximate spin projected method has been
elaborated and applied to the analysis of the
(hyper)polarizability of multi-radical systems. As exam-
ples, typical open-shell singlet systems, 1,3-dipoles and
rectangular graphene nanoflakes, are examined.
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1 Introduction

Open-shell singlet molecular systems have attracted much
attention in the past few decades due to their unique
chemical and physical properties [1-4], including specific
reactivities [5-9]. These compounds encompass inorganic
four-membered heterocyclic compounds [10, 11], efficient
singlet fission chromophores for dye-sensitized solar cells
[12], the Fe(dipyrazolpyridine), system exhibiting light-
induced excited spin state trapping (LIESST) [13], open-
shell singlet oligoacenes [14—19], as well as nanographenes
and related structures [20-30]. In addition, several syn-
thesis strategies have been developed to design diradicals
and multi-radicals with tailored spin multiplicity and open-
shell character, including polynitrenes and nitreno-radicals
[31, 32], spiro-fused oligo(triarylamine)s [33], diarylethene
with nitronyl nitroxide radicals [34], aminyl diradicals
[35], diarylnitroxide diradicals [36], and compounds built
from the verdazyl radical moiety [37]. It was also found
that intra- and intermolecular covalent bonds coexist in the
solid state due to the open-shell character of the constituent
molecules [38—41]. The nonlinear optical properties are
also remarkable and have been the topic of numerous
investigations. In particular, the third-order nonlinear
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optical response, which is described at the molecular level
by the second hyperpolarizability y, is theoretically pre-
dicted to exhibit a strong dependence on the open-shell
character, e.g., diradical character y (0 <y < 1) [41]: for
systems having similar effective diradical distances and
Coulomb repulsions, y first increases with y, attains a
maximum, and then decreases [42—44]. This behavior has
been exemplified using ab initio molecular orbital (MO)
and density functional theory (DFT) calculations on several
diradical systems, e.g., the H, dissociation model [42], the
p-quinodimethane (PQM) model [42], diphenalenyl mole-
cules [45, 46], transition metal complexes [47, 48], and
graphene nanoflakes [49]. It has been further substantiated
by the measurement of large two-photon absorption cross
sections in diphenalenyl diradicaloids [50] and by their
theoretical interpretation [51]. These large responses have
been analyzed by considering the y density [52], which can
elucidate the spatial electronic contributions to 7. Within
broken-symmetry (BS), i.e., spin-unrestricted (U), ab initio
MO and DFT approaches, the y enhancement for inter-
mediate diradical characters has been shown to originate
from the field-induced charge transfer between up and
down spin density distributions. Other contributions have
addressed the dynamic response of the pyrrole radical [53]
as well as of radical ion pair salts [54].

In addition, recent computational investigations have
predicted the existence of multi-radical characters in open-
shell singlet systems, e.g., large polyacenes [17, 18] and
graphene nanoflakes [20, 22-27] as well as aggregates
composed of diradical molecules [29]. So, a diradical
character y; is associated with each pair of {(HONO) — i,
(LUNO) + i}, where i = 0, 1, ..., HONO stands for the
highest occupied natural orbital and LUNO for the lowest
unoccupied natural orbital. Unfortunately, the conventional
analysis using the spin density and y density distributions
cannot directly clarify the contributions of unpaired elec-
trons, i.e., odd electrons [55-57], in systems having multi-
radical character. Furthermore, the removal of spin con-
taminations associated with the BS schemes is known to be
often essential for reproducing reliable molecular struc-
tures and magnetic properties [41, 58, 59].

Therefore, in this study, we first develop within the odd
electron density scheme a method for partitioning the
(hyper)polarizability into the contributions of each diradi-
cal character. Then, in the BS single-determinant scheme,
the spin contamination effects on the electron and
(hyper)polarizability densities are approximately removed
by using the spin projected occupation numbers [41, 60]
and natural orbitals (NOs). In order to evaluate the appli-
cability and the usefulness of the present method, typical
open-shell singlet systems, i.e., 1,3-dipoles [61] and rect-
angular graphene nanoflakes [20], are examined employing
spin-unrestricted (U) DFT with the long-range corrected

@ Springer

(LC) exchange—correlation functional LC-UBLYP [62—
65]. In the LC-UBLYP functional, the electron repulsion
operator (1/ri,) is split into long-range (LR) and short-
range (SR) electron—electron interactions via the use of a
range separating parameter u in the standard error function,

1 1 —erf(ur erf(ur
2o (ur2) + (1 12), (1)
r2 r2 r2

the first term (SR interaction) is described by a modified
conventional DFT exchange functional, while the second
term (LR interaction) is handled by the exact Hartree—Fock
(HF) exchange. In addition, an extension to the dynamic
(hyper)polarizability density as well as to the dynamic odd
electron density is proposed. The (hyper)polarizability
density analysis based on the NOs and occupation numbers
opens a path not only to the evaluation of the multi-radical
character effects on the static (non)linear optical responses
or to the removal of the spin contamination effects in BS
single-determinant results, but also to the analysis of the
dynamics of the (non)linear optical response densities. The
present method of calculation and analysis of the one-
electron reduced density as well as of the (non)linear
optical responses could be applicable to any one-electron
property of open-shell multi-radical systems.

This paper is dedicated to Prof. Akira Imamura on the
occasion of his 77th birthday, paying homage to his many
contributions in quantum chemistry, molecular biophysics,
and theoretical chemistry and physics.

2 Methodology
2.1 Odd electron density and diradical character

So far, two kinds of measures of the effective density and
of the number of odd electrons have been proposed: one by
Takatsuka et al. [55, 56] and the other by Head-Gordon
[57]. These measures are useful for obtaining intuitive and
pictorial descriptions of odd electron distributions as well
as of radical and diradical characters in open-shell
molecular systems though, in principle, these measures
can be arbitrarily defined. In this subsection, we briefly
review the representation of the odd electron density
and the definition of the diradical character as a prepara-
tion for presentation of the partitioning scheme of the
(hyper)polarizability density explained in the next
subsection.

According to Head-Gordon [57], the odd electron den-
sity associated with the kth (k =1, ..., M) NO ¢,(r) of
occupation number 7, is defined by

DY (r) = min(2 — e, mi ) by (r) i (1), (2)

and the corresponding odd electron number is given by
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U — TrDYY(r) = min(2 — ny, my). (3)

dd
for mpy <1, n?

Thus,
number while for n;, > 1, n"dd = 2 — ny is the complement
to achieve a closed shell. In other words, the min(2 —
ng,ni) factor can be regarded as the probability for the
electron of being unpaired in ¢, (r). The total odd electron

number is then given by

corresponds to the occupation

M

=D (<), )

k=1

NOdd

where N is the total number of electrons. Now, let us
consider for the sake of simplicity a singlet system with an
even number of electrons (N, = Np); the extension to the
case of N, # Np is however straightforward [57]. In that
case, the use of Eq. 3 is consistent with the conventional
measure of the diradical character y; (0 < y; < 1) defined
from the occupation number of the LUNO + i (i =0,
1,...), i.e., NLUNO+i - Since the NHONO—i + NLUNO+i = 2
condition is satisfied for the spin-unrestricted Hartree—
Fock (UHF) and DFT (UDFT) methods,

= Druno+i(r), (5)

which is only approximately satisfied in general multi-
determinant methods, and we can rewrite the diradical
character as

Druono—i(r)

1 1
Vi = zTr[DHONO—i(r) + Druno+i(r)] = 7 Ir [D;)dd (r )}
1/ odd dd 1 odd 7
=3 (nfiono—i + MUNoLi) = 5 ny s
(6)
where y; = ngno_; = Moy, 1 satisfied and the odd
odd —

electron number and density for y; are defined as nj;

2y;. and DY(r), respectively. Therefore, from Egs. 2 t0 6,

the total odd electron density within single-determinant

schemes is expressed in two different but equivalent ways:
N/2-1

r) =Y Dir)= Y D"(r) (7)
k=1 i=0

which describe the spatial distribution of all the odd elec-
trons. Note that the first equality in Eq. 7, which is also
valid for any multi-determinant method, provides an alter-
native exact partitioning scheme of the odd electron density
into each NO contribution. It can be noted that the factor in
front of the ¢; (r)¢, (r) term in Eq. 2 represents the intensity
factor contributing to the density D{%(r), and there is an
infinite number of ways of defining such factors that satisfy
the intuitively obvious limits (n; = 0, 1, and 2). We have
chosen the one due to Head-Gordon (Eq. 2) [57] because it
does not exaggerate the diradical character and the total odd
electron number, particularly in the intermediate diradical

character region, in contrast to Takatsuka’s definition,
(2 — ng), which does [55].

On the other hand, the chemical and physical properties
like the optical and magnetic responses should be calculated
using the one-electron reduced density (not odd electron
density), which for any single-determinant method is given by

N/2—1
d(r) = Z [non0-ition0—i (1) Prono—i(F)
i=0
+ nLUNO+i¢1iUN0+i(" )Lunoi (T )]
N/2—1

=3 ), (8)

i=0

where d”(r) indicates the one-electron reduced density
corresponding to y;.

2.2 Partitioning of the (hyper)polarizability density
into natural orbitals and/or diradical characters
contributions

Under the influence of a static electric field F, the elec-
tronic Hamiltonian H for a N-electron system (in a.u.) is
given by

N

RN AW LD D IS WL

= x X IS i=1

<

©)

In this case, the molecule exhibits an electric polarization
p or dipole moment. We consider a simple definition of the
(hyper)polarizability and of its density [52] based on Eq. 8,

which can lead to the partitioning of the total
(hyper)polarizability and of its density into those
corresponding to each diradical character. Such a

partitioning is only meaningful provided ngono—i +
nLuNo+i = 2 (See Sect. 2.1). The (hyper)polarizabilities
are defined by the expansion coefficients of the polarization
p“ as a function of the applied electric field F:

Pl = —/rad(r)dr

= lu() + Z(xabF + ZﬁaszbF( + ZyabchbFLFd
b.c,d

4+, (10)

where the one-electron reduced density d(r) is also
expanded as

d(r) r)+ Zd
LS

b.c,d

b b ¢
NF + 2 E:dbc Jada
r)FPFeFd . (11)

By combining these equations, in the static case, the
polarizability (o), the first (f.,.) and the second
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(Yapea) hyperpolarizabilities (a, b, ¢, d =x, y, 7) are
given by

N/2-1

Olap = —/rad,(,l>(r)dr: Z (—/radii(l)(r)dr)
i=0
N/j2-1
= Z o, (12)
i=0
! @)
ﬁabc = _5 radbc (r)dr
N/2-1 1 N/2-1
vi(2 — Vi
= (-5/%%5 )(r)dr> =3 B, (13)
=0 : i=0
and
1 (3)
Vabed 3 rﬂdbcd (r)dr
N2 Nj2—1
i(3 — i
= Z (_ﬁ/radi;d)(r)dr> = Z Vz‘;bcd' (14)
i=0 : i=0
Here, o), p2,. and 77, , are the electron (hyper)

polarizabilities corresponding to y;, and their densities are
given by

W )
dyl(l) r) = ) 15
b (1) OFp |p_g ”
2 1vi
i(2) 0 d)l(r)
_ 1
d,. " (r) OF,OF ¢ |p_y’ "
and
3 gy
i(3) — L’(") ]
dbcd <r) - anaFLaFd F:()7 ( 7)

and the total (hyper)polarizability densities are expressed

N/2—1

1 A (1

4= > &), (18)
i=0
N/2—1

2 Vi 2

) =Y &), (19)
i=0

and
N/2—-1

3 i 3

dh(r) = > & (r). (20)
i=0

In our investigations, the derivatives of the electron den-
sity with respect to the electric field (see Eqs. 12-17) are
referred to as the (hyper)polarizability densities, while in
the terminology used by Hunt [66-68], the whole inte-
grands are called (n — 1)th reduced densities, e.g., the
reduced polarizability density in the case of «,,,, the doubly
reduced density in the case of f,,., and so on.

@ Springer

The contributions obtained from a pair of positive and
negative (hyper)polarizability densities provide a descrip-
tion of the local electronic contributions to the total
(hyper)polarizability. The positive and negative values of
the (hyper)polarizability densities represent, respectively,
the successive orders of the field-induced increases and
decreases in the charge density, which determine the
nth-order dipole moment in the direction from positive to
negative (hyper)polarizability densities. So, any (hyper)
polarizability density map represents the relative phase and
magnitude of the change in the nth-order densities between
two spatial points with positive and negative values.
In other words, the (hyper)polarizability density analysis
provides a chemical local view of the molecular (non)linear
optical responses: it is useful not only for assessing the
reliability of methods and basis sets employed, but also
for illuminating the primary contributions of electrons,
orbitals, substituents, m-conjugated linkers to the (hyper)
polarizabilities [69-71]. An advantage of the partitioning
into the diradical character contribution is to highlight the
contribution of each diradical pair (or each NO pair) in a
multi-radical system. Actually, the partitioning into con-
tributions from NOs satisfying 0 <y; < 1 and the rest
giving y; ~ 0 is further useful for clarifying the effects
originating from the open-shell character because the
(hyper)polarizabilities enhancement in open-shell mole-
cules is predicted to be mainly caused by the odd electrons
with intermediate y; values [42—44].

2.3 Approximate spin projection scheme
for the (hyper)polarizabilities and their densities
within spin-unrestricted single-determinant
methods

Spin-unrestricted single-determinant methods are known to
suffer from spin contamination, which leads, e.g., to small
humps in the potential energy curve in the intermediate bond
dissociation region [58], to wrong optimized structures of
open-shell molecules [59], and to incorrect diradical character
dependences of the (hyper)polarizabilities of open-shell sin-
glet molecules [42]. Although several effective approaches to
remove spin contamination have been proposed, e.g., the
spin-flip methods due to Krylov [72, 73] and the approximate
spin projection methods based on the Heisenberg model by
Yamaguchi [58], they still present difficulties to be applied
to delocalized multi-radical n-conjugated systems. Here, we
present an alternative approximate method for removing spin
contamination effects on the (hyper)polarizability by resort-
ing to the perfect-pairing spin projection scheme [41, 55, 60]
applied to the occupation numbers n) obtained using spin-
unrestricted single-determinant methods (in Sect. 2.1 we
omitted for simplicity the U superscript):
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Sp (”301\107;)2 _ SP
IHONO—i — I+ (SU)Z =2-—y; ,and
" 5 (21)
nSP _ (nunoss) — SP
LuNo-+i = 7 (S.U)2 =Y

where SV, the overlap between the corresponding orbital
pairs, is given by

S[U _ ngONO—i ; n}_JUNOJri. (22)

y?¥ corresponds to the spin projected diradical character
defined by Yamaguchi [34], which coincides with Eq. 6,
provided ;¥ is used in Eq. 3. By using these spin projected
occupation numbers in Egs. 2-4, 6, and 8, we can define
approximate spin projected odd electron density
[D{F(r), D 5P (r)], total odd electron number (N°II5F),
and one-electron reduced density [@” SP(r),dS?(r)]. Here,
“approximate” means that the spin projection is performed
only on the occupation numbers, not on the NOs. For
instance, the spin projected one-electron density dS(r) is
expressed by

N/2-1
d(r) = Z [”%%NO—:‘Q{’;IONO—I'(")¢H0N0—i(")
i=0
N/2-1
+nEENO+i¢EUNO+i(r )Pruno+i(r )] = Z &5 (r).
i=0
(23)
Similarly, we can define spin projected (hyper)
polarizabilities (a5, B3, 75r.;) and their densities
(d((ll) SP,dfl? SP,dﬁl“) by using the spin projected one-

electron reduced densities in Egs. 12-20. In practice, to
calculate the spin projected charge density and the
(hyper)polarizabilities, we only need to replace the one-
electron reduced charge densities @i (r) by @ P (r) in case
of y; # 0 or 1, because the occupation numbers for nfd =
0,1 and 2 do not change by this spin projection (see
Egs. 21 and 22). As a consequence, since the weights of the
different NOs are modified upon spin projection, the whole
one-electron reduced density and the (hyper)polarizability
densities can change not only quantitatively, but also
qualitatively.

3 Illustrative applications on 1,3-dipoles
and rectangular graphene nanoflakes

In order to illustrate the present method, we examined
typical open-shell singlet systems, i.e., 1,3-dipole (Fig. 1)
and rectangular graphene nanoflakes PAH[X,Y] (Fig. 2)

[20], where X and Y denote the number of fused rings in the
zigzag and armchair edges, respectively. The 6-31G** 4
pd basis sets ({, ; = 0.0523 on C atom, 0.0582 on N atom,
and 0.0719 on O atom) were employed for the calculations
on the 1,3-dipole systems. Though for small compounds,
the use of the extended basis sets including polarization
and diffuse functions is necessary for obtaining quantita-
tive y values of [74], this is not the case for extended
n-conjugated systems. So, the standard 6-31G* basis set
was chosen for PAH systems. This choice has been sub-
stantiated in our previous study where the 6-31G* basis set
underestimates the y value of s-indaceno[1,2,3-cd;5,6,7-
c'd'|diphenalene (IDPL), which is a singlet polycyclic
aromatic diradical system involving two phenalenyl radical
rings, by only 10% with respect to the 6-31G* + diffuse
p ({ = 0.0523) basis set [45, 46]. Other related computa-
tional issues are discussed in Refs. [75, 76].

The LC-UBLYP/6-31G* method is adopted to calculate
y because it alleviates its catastrophic DFT overestimation,
which has been observed for extended m-conjugated sys-
tems when using conventional exchange—correlation func-
tionals [77-84], and because it closely reproduces the
reference  UCCSD(T) 7y values of open-shell singlet

H X._-_H g 2
| | | |
H H H H H H
diradical zwitterionic
20000
X y
NH 0.152
15000 - Y 0.380
CcOo 0.585
0.909
S
.ﬂ.. 10000 +
>
—@— UCCSD(T)
5000 - —m- Lc-UBLYP
—A— SP-LC-UBLYP
-4 LC-UBPWO1
--A-- SP-LC-UBPW91
0 I I I I
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 1 Resonance structures and second hyperpolarizabilities in 1,3-
dipole systems (CH,)X(CH,). The y values are presented as a function
of the diradical character y,, which is influenced by the nature of the
X group (=NH, O, CO, CH,). The diagonal component of the y tensor
along the CC axis is calculated at the UCCSD(T), LC-UBLYP
(n = 0.47), SP-LC-UBLYP(u = 0.47), LC-UBPWO91(u = 0.47), and
SP-LC-UBPWO1(u = 0.47) levels using the 6-31G** + sp basis
sets, and yq value is obtained from UHF NO occupation numbers
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Fig. 2 Rectangular graphene nanoflake PAH[X.,Y], where X and
Y denote the number of fused rings in the zigzag and armchair edges,
respectively. Carbon (C) and hydrogen (H) atoms are shown in black
and white, respectively, as well as coordinate axes

molecules with intermediate and large diradical characters,
provided that the range separating parameter u amounts to
0.3-0.5 [61, 85]. Moreover, for model open-shell singlet
molecules, the UCCSD(T) method reproduces well Full CI
y values [86]. In this study, we employed the standard
u = 0.47 value, which has been optimized to minimize the
errors in the atomization energies of molecules in the G2
set [87] and which is implemented in the Gaussian 09
program [88]. For several PAHs[X,Y], the odd electron
densities are localized on the zigzag edges, so that the spin-
polarization direction is parallel to the armchair edge
(y-axis). Therefore, the intermediate diradical character
originating from the odd electron densities on these zigzag
edges (see Figs. 3 and 6) is responsible for the enhance-
ment of 7y, (parallel to the armchair edge) when com-
pared with 7y, (parallel to the zigzag edge) [49]. The
geometries have been optimized at the UB3LYP/6-31G*
level.

A recent work due to Filatov and Cramer suggested that
specific response properties should be calculated with the
PWOI rather than with the LYP correlation functional
because LYP exaggerates opposite-spin correlation effects
and invokes an exaggerated spin-polarization pattern in the
core shells of the atoms [89]. However, since the
(hyper)polarizability of open-shell systems with interme-
diate diradical characters originates primarily from the
valence-shell unpaired electrons, these properties are not
expected to change upon switching to the LC-UBPW9I
method. This was confirmed by considering the 1,3-dipoles
(as shown in the next section, Fig. 1): the LC-UBPW9I
and LC-UBLYP 7 values are similar as well as for their
spin projected counterparts. Nevertheless, the PW91 7
amplitudes are slightly smaller than those obtained using
the LYP functional.

@ Springer
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Fig. 3 Non-spin projected and spin projected odd electron densities
[D" NSP(r), DY SP(r)] as well as odd electron numbers (n9*NSP,
n9%45P) corresponding to the diradical characters 3" (a), y\° (b),
yrlesp (¢), y(S)P (d), yfp (e) and ygp (f) of PAH[3,3] calculated by the LC-
UBLYP/6-31G* method. The yellow surfaces represent densities with
iso-surfaces of 0.0015 a.u. (i = 0) and 0.0003 a.u. (i =1, 2)

3.1 1,3-Dipole systems: comparison
between SP-LC-UBLYP and UCCSD(T)

To assess the performance of the spin projected (SP)-LC-
UBLYP method, we considered typical diradical systems,
1,3-dipoles, (CH,)X(CH,) (X = NH, O, CO, CH,), which
span a wide range of diradical character by changing the
central atom [61]. The y tensor component along the CC
axis was calculated with this method and compared with
non-spin projected (NSP)-LC-UBLYP and UCCSD(T)
results. The y, values were calculated from the SP form
(Egs. 21 and 22) using the UHF NOs (HONO and LUNO).
As shown in Fig. 1, the SP scheme improves the y values in
the relatively small y, region where it corrects the overshot
LC-UBLYP 7y and, therefore, the description of the
dependence of y over the whole diradical character range,
for instance, when X = NH, y = 9.0 x 10’ a.u. (100%)
[UCCSD(T)], 13.4 x 10° a.u. (149%) (LC-UBLYP) and
9.2 x 10° a.u. (102%) (SP-LC-UBLYP). Nevertheless, the
SP-LC-UBLYP method still undershoots the UCCSD(T) y
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value in the intermediate y, value region: for X = O,
y = 15.7 x 10% a.u. (100%) [UCCSD(T)], 11.5 x 10° a.u.
(73%) (LC-UBLYP), and 12.7 x 10* a.u. (81%) (SP-LC-
UBLYP). From these results, the SP-LC-UBLYP scheme is
expected to provide semi-quantitative diradical character
dependences of y for n-conjugated diradical molecules.

3.2 PAH[3,3], a diradical system

Owing to its intermediate y, value and its much smaller y;
(i > 1) values (calculated from the spin projected UHF NO
occupation numbers [41]), PAH[3,3] has been described as
a diradical molecule with an intermediate diradical char-
acter [20]. In order to investigate the partitioning of the
total y,,,, value and of its density into those corresponding
to the successive y; (i > 0), y; was calculated from the NO
occupation numbers calculated by the LC-UBLYP/6-31G*
method, which conserves the qualitative picture obtained at
the UHF level. Indeed, at the LC-UBLYP/6-31G* level,
yoSF = 0.45 while y¥P < 0.1 (i > 1) (see Table 1). Note
that we examine first the non-spin projected (NSP) results,
i.e., the spin-unrestricted (U) DFT ones, and then we will
focus on the SP results. Table 1 also lists the total

11 " Vi rest (— Vi
and partitioned 7y, values |35, V)5 (= Yy, — Viyy) | OF

PAH]J3,3]. Nevertheless, before discussing the partitioned
values, we look at the difference in y,,,, amplitudes
between the present and previous results, i.e., 91.4 x 10°
au. (LC-UBLYP/6-31G*) and 145 x 10> au. (UB-
HandHLYP/6-31G*) [16]. Judging from the good agree-
ment between UBHandHLYP and LC-UBLYP y,,,,, values
for relatively small-size open-shell singlet systems [61,
85], the UBHandHLYP y,,,, value for PAH[3] is presumed
to suffer from the catastrophic DFT overestimation of 7y in
extended conjugated systems [77-84]. This also rational-
izes the use of the LC-UBLYP method for PAH[X,Y]s with
different X and Y values.

NSP
For 75y

attains 43% of the total y,,,,. The associated odd electron
density [D” NSP(r)] shown in Fig. 3a displays the largest

, we obtain a value of 39.3 x 103 a.u., which

Table 1 Non-spin projected (NSP) and
diradical characters (y,) and

[yf‘;;,yy, Vo (= Vypyy — y;;yy)] (x10* a.u.) of PAH[3,3] calculated by
the LC-UBLYP/6-31G* method

spin projected (SP)
second hyperpolarizabilities

NSP sp
Yo 045 0.15

Py 39.3 (43%) 56.1 (55%)
Ty 52.1 (57%) 45.0 (45%)
Ty 914 101.1
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(c) . £ D2 4 4
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Fig. 4 Non-spin projected and spin projected 7,,,, [y)or (@), 735\
(b), 75, (©), 7395F (d)] density distributions of PAHI3,3] calculated
by the LC-UBLYP/6-31G* method. The yellow and blue meshes
represent positive and negative densities with iso-surface £300 a.u.,

respectively

amplitudes in the middle region on both the zigzag edges
and the armchair atoms next to the zigzag edges. Upon
integration, one obtains a value of 0.89 for

0ddNSP (— ,,0ddNSP | 0dd NSP :
- (: naoNe. T PLUNG ), which corresponds to the

dominant contribution (62%) to the total odd electron
number, N°YNSP amounting to 1.43. Two additional odd
electron numbers of 0.23 (16%) originate from y; and y,
while their odd electron densities are covering similar as
well as complementary C sites of PAH[3] (Fig. 3b and c).
Figure 4a and b shows the y)\5° and ) ¥ density distri-
butions, respectively. The density distribution pattern of

n

Py displays similarities with that of )9 7SF, though the
yigyljsp density amplitudes are smaller on the zigzag edges

NSP
Yy
amplitudes. Moreover, the 7" density pattern reflects that
of odd electron density D NSP(r) (see Figs. 3a and 4a) and,
to a minor extent, D" NSP(r) and D> NSP(r) (see Fig. 3b
and c). These results exemplify that the y)>" of PAH[3,3] is
mostly characterized by the contribution of odd electrons
with intermediate y)°F (= 0.45), though remaining contri-
butions are correlated with y; (i > 1). It is also important to
emphasize on the point that the partitioning of the hyper-
polarizabilities into NOs contributions is a subtle issue.

and larger in the internal region than the ) density
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Indeed, going from the highest occupied level to lower
ones, the individual contributions increase in amplitude,
but their signs alternate so that they mostly cancel. The
analysis should therefore concentrate on the response of the
highest levels, which, as shown here for the HONO and
LUNO, exhibit the same third-order field-induced pattern
as the full response.

Next, we examine the spin projection effects (see
“NSP” and “SP” values in Table 1) by employing
Egs. 21 and 22 on the occupation numbers of the
HONO — i and LUNO + i with i ranging from 0 to 29.
The spin projected 7,,,, values nicely converge with iy
(the largest NO number included in the SP scheme) and
saturate around i, = 13 as shown in Fig. 5a. The
enhancement ratio with respect to the non-spin projected

yyyY
imax = 0 (18% at ipax = 0 vs. 11% at i, = 29). Con-
comitantly, the yy value is reduced by 67% (0.45 — 0.15)
by the spin projection. Accordingly, the amplitude of the

Pyyyy Value [= (ygyy/yNSP - l) % 100] is the largest at

odd electron density distribution of DY SP(r)
PSP (= ngldSE | npldSE, ) =030] is  songly

reduced (see Fig. 3d). The same occurs for the next NO
pairs (see Fig. 3e and f). Then, the total odd electron
number N°SP is also reduced to 0.31 (with respect to
NOddNSP — 1 43) " which indicates that PAH[3] should be
regarded as an open-shell singlet system with a small
diradical character. Such reductions in the diradical
character and the odd electron density are caused by
removing the spin contaminations. In contrast, the spin
projection effect only increases 7y, [155, = 101.1 x 10°
a.u. (at in.x = 29)] by 11% relative to yifgl; 914 x 10°
a.u.] (see Table 1). This increase is principally caused by
the significant increase [~43% or (16.8 x 10° a.u)] in

Yo SP i Yo NSP i ni
Vi Telative to 38" and the decrease in the remaining

contributions (V;;ty) [~14% (7.1 x 10° a.u.)]. As a result,

the contribution of to the total y, .- increases from

)
Vyvyy
43 to 55%, while the remaining contribution decreases
Yo SP
Yy
. . . . . . . SP
density distributions, respectively, in which the yj
Yo SP
Yy
bution. Both the amplitude and the distribution pattern of

sp (.yoSP NSP
9 b
the 7y (Vyyyy Vyyyy

from 57 to 45%. Figure 4c and d shows the y)s,;y and y

density distribution well reflects the 7 density distri-

) density are similar to those of

O%\;sp ) density, as expected from the relatively small

: »SP (230 SP NSP  (,vo NSP
differences between the (yyyyy) and yyo (yyyyy )

Yo SP
yyyy

reflects D SP(r) (see Fig. 3d) and, to a lower though
visible extent, D*' SF(r) and D2 5P(r) (see Fig. 3e and f).

values. Finally, like for the NSP case, the y density
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Fig. 5 70 /v ratio as a function of imay, the largest NO number

(HONO-i and LUNO + i, i = 0,..., i,y included in the SP scheme,
for PAH[3,3] (a) and PAH[6,7] (b) calculated by the LC-UBLYP/6-
31G* method

3.3 PAH[6,7], a multi-radical system

In contrast to PAH[3,3], PAH[6,7] displays an intermediate
y; value, while yo ~ 1 andy; ~ 0 (i > 2) (calculated from
the spin projected UHF NO occupation numbers). This
suggests that PAH[6,7] (see Fig.2) has a tetra-radical
character [20]. Indeed, 7,,,, of PAH[X,7] shows a unique
increasing behavior with X: the maxima of y,,,, appear at
X = 2 and 6. This was explained to be a signature of the
(intermediate) tetra-radical character of PAH[6,7] and of
the (intermediate) diradical character of PAH[2,7]: the
enhancement of yy,,, of PAH[2,7] is dominantly caused by
the intermediate y,, while that of PAH[6,7] is done by the
intermediate y; [20]. In order to clarify this multi-radical
effect, we partition the total y,,,, values into those corre-
sponding to the principal y; (i = 0, 1) and the rest. The
diradical characters evaluated from the NO occupation
numbers calculated by the LC-UBLYP/6-31G* method
point out the pure diradical character of the (HONO,
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LUNO) pair (y)*~1) and a relatively large diradical
(HONO-1, LUNO + 1) pair
(yII\ISP = 0.75) (Table 2). Concerning the non-spin pro-

character for the

jected (NSP) y results, the difference in 7y,,,, amplitudes
between the present [1,004 x 10° a.u. (LC-UBLYP/
6-31G*)] and the previous [2,150 x 10° a.u. (UBHandH-
LYP/6-31G*) [20]] is substantial and is larger in PAH[6,7]
than in PAH[3], as it could have been expected since the
system is larger. This also indicates that the use of LC-
UBLYP method is preferable for determining the y values
of PAH[6,7]. The relative contribution to yi\gf from the

NOs with y)P ~ 1 is negligible (y“’ NSP _ 3 5 103 a.u.)

Yy
while that with yNSP = 0.75 attains 153 x 10° a.u. (15%),
which is significantly smaller than the contribution from all
the remaining electrons [854 x 10° au. (85%)]. This
suggests that the remaining orbitals (i > 2) still include
many open-shell orbitals with smaller diradical characters.
Indeed, the odd electron densities [D” NSP(r), i =0, 1]
shown in Fig. 6a and b integrate to an odd electron number
of 3.49, in comparison with the total N°4NSP value of 6.26,
substantiating the fact there remains a comparable number
of odd electrons in the NOs with i > 2. DY NSP(p)

0ddNSP(— ,0ddNSP | ,0ddNSP) _ o
{nyo (=SNG, + 1oNe ) = 2.00] presents signifi-

cant amplitudes on both zigzag edges (in particular in
the middle region) DY NSP ()
[1990NSP (= ngldSP | - mpdd3SP ) = 1.49] is also distrib-
uted on the zigzag edges, though not in the middle, and
inside the zigzag edges. Thus, the diradical pairs contrib-
uting to the multi-radical character present clearly distinct
odd electron density distributions. The relative density
distribution of 730N
the other hand, there are similarities between the density
distribution patterns of y)>° and 7} \S” (Fig. 7a and b), but
obviously, their amplitudes are different, in particularly in
the four-corner phenalenyl blocks. These results

while

is negligible and not represented. On

Table 2 Non-spin projected (NSP) and spin projected (SP)
diradical characters (yo,y;) and second hyperpolarizabilities
7575535 (= Pyssy — Py — Vo)1 (X107 a.u) of PAHI6,7] cal-

culated by the LC-UBLYP/6-31G* method

NSP SP

Yo 1.00 1.00

i 0.75 0.52

Wy —3 (~0%) —3 (~0%)
Py 153 (15%) 327 (30%)
e 854 (85%) 779 (70%)
oy 1,004 1,103
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Fig. 6 Non-spin projected and spin projected odd electron

densities [D'NSP(r), DY SP(r)] as well as odd electron numbers
(n;ddNSP ,n?f‘dsp) corresponding to the diradical characters y)F (a),

YSP (b), y5F (c) and yF (d) of PAH[6,7] calculated by the LC-
UBLYP/6-31G* method. The yellow surfaces represent densities with
iso-surfaces of 0.0025 a.u. Total odd electron numbers N°9NSP and
N°YSP are also shown

demonstrate that the relationship between the diradical
character and y obtained for diradical molecules can be
generalized to multi-radical systems with non-zero Yy;
@=>1).

Next, we address the spin projection effects (Table 2),
carried out using Egs. 21 and 22 on the occupation num-
bers of the HONO — i and LUNO + i with i = 0-69. This
provides a converged yy,,, value around i,,,x = 30, but the
convergence is slightly slower than in the case of PAH[3,3]
(Fig. 5). Moreover, the enhancement ratio of y;f;y with
respect to yyysyfy’ is the largest at i, = 1 (17% at igay = 1)
after removal of the spin contamination effects associated
with the pair of NOs with intermediate y;. Then, succes-
sive SP corrections reduce 7y,,, so that at iy, = 69, it is
only 10% larger than the NSP value. In parallel, the y,
value decreases by 31% (0.75 — 0.52), but the y,
value (~1) is almost unchanged as seen from Egs. 21

and 22. Accordingly, the amplitude of D" SP(r)
{ngfdsl’(z PSSP | poddse ) 1.05} is reduced—but

the distribution pattern is the same—(Fig. 6b and d), while
that of D 5P(r) n9%P =2.00 is unchanged (Fig. 6a and

¢). The total odd electron number is then reduced from 6.26
(NSP) to 3.17 (SP), which confirms that PAH[6,7] should
be regarded as a tetra-radical singlet system with an

@ Springer
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Fig. 7 Non-spin projected and spin projected 7y,,,, [ymP (a), yi’;}"isp

(b), /‘wa (at i = 69) (c), /:{‘SVP (d)] density distributions of PAH[6,7]
calculated by the LC-UBLYP/6-31G* method. The yellow and blue
meshes represent positive and negative densities with iso-surface

+300 a.u., respectively

intermediate y; value. Such reductions in the successive
diradical characters and the odd electron densities are
caused by removing the contamination of higher spin
components. In contrast, the spin projection effects
increase the y,,,, amplitude by only 10%. This results from
a partial cancelation between the increase related to the
spin projection of nyono.1 and the decrease associated with
the subsequent ones. Thus, the contribution of yj} . to the
total Vyyyy increases from 15 to 30%, while the remaining
contribution decreases from 85 to 70% upon spin projec-
tion. Figure 7c and d shows the V»m and y;‘yysyp density
distributions, respectively. As expected from the compari-

son between the spin projected and non-spin projected .,

and y”” values, the amplitudes and distribution patterns of
the y}w and | ”}: densities are similar, while the ],
density is significantly enhanced upon SP, in particular, on
the four-corner phenalenyl blocks and on the y symmetry
axis, providing a better match with the total yyyyy density.

Note that the relatively small influence of spin projec-
tion effects on y for PAH[3] and PAH[6,7] can be related to

@ Springer

their intermediate or large diradical character, as illustrated
by the results on the 1,3-dipoles (see Fig. 1). Indeed, using
the UHF NO occupation numbers [20] y, = 0.510 for
PAH[3,3] and (yo, y;) = (1.000, 0.763) for PAH[6,7].

4 Extension to dynamic odd electron
and (hyper)polarizability densities

This section is devoted to the extension of the method to
the dynamic case, where the density matrix of a system
evolves under external time-dependent fields F(f)
(e.g., F(t) = Fcoswrt for the one-mode case). A corre-
sponding electronic Hamiltonian H for N-electron system
reads

(24)

which induces a dynamic electric polarization p(f) in the
molecule. First, the dynamic odd electron density is defined
in a similar way to the static case. This quantity enables us
to analyze the spatio-temporal behavior of the odd
electrons in each NO. It is noted that the partition to y; is
impossible in general because the time-dependent wave
function involves various types of excited determinants (in
addition to perfect-pairing double excitations) as a result of
the external fields, preventing us from defining y; based on
the occupation numbers of HONO-i and LUNO + i pairs
since nyono_;(f) + 1 gnoi(f) 7 2. This also implies that
the perfect-pairing spin projection scheme (Eq. 21) cannot
be applied to the dynamic case. Alternatively, we can
obtain the time-evolution of the odd electron densities
[D,(r,)] and odd electron numbers [1{%¢(#)] by using the
time-dependent NOs {¢,(r,f)} and occupation numbers

{ni(r,0)}:
Dy(r,t) = min[2 — (1), i (1) | (r, 1) i (1, 1), (25)
and

nd(1) = TrDy(r, 1) = min[2 — m (1), mi (1)) (26)

The time-dependent NOs and occupation numbers are
obtained from the diagonalization of the time-dependent
one-electron reduced density matrix:

di (1) / ¢ (r

where this quantity is complex in general, {¢,;(r,t =0)}
is the NO basis at + =0, and d(r,r;t) is the one-
electron reduced density matrix at time . The time-
dependent total odd electron density and number are then
defined by

Yd(r,r'; ), (¥, t = 0)drdr', (27)
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M ) 2d*(r,3w)
- MK 3y =222 35
D(r,1) ;Dk(r, ), o (1 30) =3 @) (35)

and . (28)

N*(r) = inidd(t) [V*(r) < N]
k=1

These quantities are measures of the time-evolution of the
open-shell character. Next, we define the dynamic (hyper)
polarizability density [90] based on the time-dependent

one-electron reduced density:
M

d(r,t) =Y m()gp(r,)di(r,0) =) di(r,1) (29)

k=1 k=1

S

After taking the Fourier transformation of the previous
equation, the relationships between the dynamic (hyper)
polarizabilities and their densities are obtained

uab(—w;w):—/rad,‘j(r,w)dr

(30)
1
ﬁabc( 2(07 , CO) = _5/ rad5£SHG) (l‘, 2w)dr
<AV |
= <—, / rady ™ (r, zw>dr)
k=1 :
M
= Zﬁﬁbc(_zwawvw)v (31)
k=1
and
1
Vabea (=305 0, 0, 0) = — / rad!™ (r, 300)dr
Mo
=3 (g o)
k=1 :
M
= Z yibc-d(_3w; w, @, w) (32)
k=1
Here, d}(r, ), dff,SHG)(r, 2w) and d;;gHG) (r,3m)

represent the dynamic (hyper)polarizability densities,

while d?(r,0),d" "X (r, 20),d"""* (r, 300) are the
contributions from the kth NO. For example, the diagonal

tensor components of the latter are given by

k r
I (r, 0) = dgf (;)‘*)’), (33)
4SO 55) = 40.20) (34)

2e2(w)

and

Here, ¢ is the field amplitude in the one-frequency
e(e7 + ') term, so that F = 2¢, where F is the field
amplitude in the F cos wr term used in Eq. 24. The
dynamic f and y densities have different numerical coef-
ficients from those in our previous paper [90] in order to be
consistent with the static (hyper)polarizability densities
defined in Eqgs. 13 and 14. Details on the derivations and on
the extension to other NLO processes have been presented
in our previous papers [90-92].

Although no results are presented here, it is important to
discuss briefly the applicability of time-dependent (TD) DFT
methods for the calculation of these time-dependent prop-
erties in open-shell molecular systems. Though the TDDFT
scheme using appropriate exchange—correlation functionals,
e.g., LC-UBLYP and CAM-B3LYP [93] functionals, can
generally well reproduce the excitation energies and transi-
tion properties for closed-shell molecules, the applicability of
TDUDFT to open-shell systems has not yet been elucidated
in details. Moreover, for dynamic high-order responses such
as v, the multiple-electron excitation contributions are
essential, even for a qualitative description of the high-lying
excited states involved in the associated virtual excitation
processes. These properties will be reproduced well by the
complete active space (CAS)-DFT method [94-104], which
provides a balanced description of non-dynamical and
dynamical correlations by combining a multi-reference wave
function method with a DFT correlation functional though it
is still difficult to apply it to large-size systems. Therefore,
the development of appropriate TDDFT methods to predict
these properties for large-size open-shell systems is certainly
one of the most challenging problems.

5 Concluding remarks

The (hyper)polarizabilities and their densities have been re-
expressed based on the natural orbitals and occupation
numbers as well as on the diradical characters defined by
the odd electron density. In the spin-unrestricted single-
determinant case, the static (hyper)polarizabilities and their
densities are partitionable into the contributions corre-
sponding to each diradical character. This method is then
applicable to multi-radical systems and enables us to
investigate the contribution of each odd electron pair to the
(hyper)polarizability. Then, within the spin-unrestricted
single-determinantal frame, an approximate spin projected
(SP) scheme has been developed to improve the description
of the odd electron density and of the (hyper)polarizabili-
ties. It is based on a correction of the occupation numbers.
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In order to assess the performance of the present method
of calculation, we have compared the second hyperpolar-
izabilities of typical diradical 1,3-dipole systems, calcu-
lated using the present SP-LC-UBLYP/UBPW91 scheme
to those evaluated with the UCCSD(T) method. The SP
method semi-quantitatively reproduces the UCCSD(T)
results, in particular by correcting the overshot y values in
the small diradical character region that are obtained using
the corresponding non-spin projected approaches. We have
also demonstrated that the partitioned odd electron densi-
ties of rectangular graphene nanoflakes, PAH[3,3] and
PAHJ6,7], can help clarify the spatial contributions of the
odd electrons to the di-, tetra-, ..., multi-radical characters
and subsequently to the (hyper)polarizabilities. The impact
of spin projections has also been addressed.

Furthermore, we presented a generalization of the
method to the dynamic (hyper)polarizabilities and their
densities, including the investigation of the dynamic odd
electron density, which is a measure of the time-evolution
of the open-shell characters of multi-radical systems under
time-dependent external electric fields.

In summary, the present method of analysis provides
intuitive and pictorial descriptions of the static and
dynamic (non)linear response properties in connection with
the spatial distributions of the odd electrons and with the
diradical characters for open-shell molecules including
delocalized multi-radical systems. This method is appli-
cable to arbitrary systems, e.g., large-size open-shell
molecular and aggregate systems in both gas and con-
densed phases. Based on related investigations on the hy-
perpolarizabilities of extended systems, the reliability of
SP-UDFT results is predicted to depend on the exchange—
correlation functionals, and therefore, long-range corrected
exchange—correlation functionals are better suited than
more conventional functionals.
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